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Abstract

Stock or bond returns tend to be conditionally heteroscedastic. The prices ex-
hibit non-constant volatility, but periods of low or high volatility are generally
not known in advance. In our experiment conditional heteroscedastic models like
ARCH, GARCH, GARCH-M, TGARCH, EGARCH and IGARCH are success-
fully used to estimate mean and variance equations for NIFTY daily log returns.
Further, for comparative analysis, these models are used to estimate five exchange
rate series. It is shown that conditional heteroscedastic models can be successfully
used to model exchange rate series. Comparative analysis shows that IGARCH and
TGARCH models perform better than other models in forecasting exchange rate.
This suggests that it is possible to model the exchange rate using heteroscedastic
models and predict it into future.

Keywords: Homoscedasticity; Heteroscedasticity; Conditional Heteroscedastic;
ARCH; GARCH; IGARCH; EGARCH; GJR; TGARCH; Exchange Rate Series;
Predictive Accuracy.

1. Introduction

Autoregressive Conditional Heteroskedasticity (ARCH) models are expressly designed
to model and forecast conditional variances. The model has the two important proper-
ties: One, "Auto regression" i.e it uses previous estimates of volatility to calculate future
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values and second, "Heteroskedasticity" i.e. the probability distributions of the volatil-
ity varies with the current value. While ARIMA models deals with serial correlation
pertaining to error terms, ARCH models deals with the fact that variance of prediction
errors is not a constant but differs from period to period. ARCH models provide two
distinct specifications - one for the conditional mean and other for the conditional vari-
ance. These two equations are jointly estimated to give the desired parameters. The
Generalized ARCH (GARCH) model has been used in the past for volatility estimation
in U.S. dollar foreign exchange markets (Baillie and Bollerslev, 1989) and in the Euro-
pean Monetary System (Neely, 1999). Variance forecasts obtained show that volatility
shocks are quite persistent and the forecasts of conditional variance converge to the
steady state quite slowly.
The studies experimenting on forecasting exchange rates so far, have not included the
data for the period of the current financial Meltdown. This study expressly uses this
data and establishes that autoregressive conditional heteroscedastic models can effec-
tively capture the long-term non-linearities of the data and predict successfully into the
tumultuous period also.

2. Heteroscedasticity

The works of Mandelbrot (1963) and Fama (1965) were among the first few works that
examined the statistical properties of stock returns. During the 1980s, Engle (2003)
worked on improving time-series analysis. Statistical techniques then in use mostly
treated volatile variables, such as stock prices, as constants, even though such variables
can change significantly from day to day and week to week. Engle (2003) after ob-
serving the variance of stock returns, developed a statistical technique known as ARCH
(autoregressive conditional heteroscedasticity), which uses previously observed patterns
of variance to predict future volatility. Refinements of ARCH models are now being
used in banking and finance to help determine the prices and risk involved of investing
in stocks . The theoretical framework described in this section is adopted from Tsay
(2005)
A univariate stochastic processY is said to be homoscedastic if the standard devia-
tions of terms are constant for all timest. Otherwise, it is said to be heteroscedas-
tic (see Figure 1 adopted from www.riskglossary.com). A process is unconditionally
heteroscedastic if unconditional standard deviationsσt are not constant. It is con-
ditionally heteroscedastic if conditional standard deviationsσt|t−1 are not constant.
For example, stock or bond returns tend to be conditionally heteroscedastic. These
prices exhibit non-constant volatility, but periods of low or high volatility are gen-
erally not known in advance. New Delhi electricity prices, on the other hand, ex-
hibit unconditional heteroscedasticity. The prices tend to have higher volatilities dur-
ing the Summer than during other seasons. This is predictable, therefore the elec-
tricity prices exhibit unconditional heteroscedasticity. If a process is unconditionally
heteroscedastic, then it is necessarily conditionally heteroscedastic. The converse is
not true. All these notions extend to higher dimensions. A multivariate stochastic
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Figure 1: Homoscedastic vs. Heteroscedastic

processY is said to be homoscedastic if its covariance matrix is constant for all times
t, etc.

2.1. Structure of a model

Let rt be the log return of an asset at time indext . In the volatility studyrt is either
taken as serially uncorrelated or with minor lower order serial correlations, but it is a
dependent series. The conditional mean and variance ofrt given the information set
available at timet − 1 as It−1 are specified as,

µt = E(rt|It−1), σ2
t = Var(rt|It−1) = E[(rt − µt)

2|It−1] (2.1)

Since serial dependence ofrt is weak, we can say thatrt follows a simple time series
model like stationaryARMA(p, q) model. The model becomes

rt = µt + et, µt = c +
p∑

i=1

φirt−i −
q∑

i=1

θiet−i, (2.2)

wherep, andq are non-negative integers andet are innovations or error terms,et ∼
N(0, σ2

t ). This is the mean equation forrt. The order(p, q) of an ARMA model may
depend on the frequency of the return series. The variance can be specified as

σ2
t = Var(rt|It−1) = Var(et|It−1) (2.3)

2.2. The ARCH Model

The major assumption behind the least square regression is homoscedasticity i.e con-
stancy of variance. If this condition is violated, the estimates will still be unbiased but
they will not be minimum variance estimates. The standard error and confidence inter-
vals calculated in this case become too narrow, giving a false sense of precision. ARCH
and related models handle this by modeling volatility itself in the model and thereby
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correcting the deficiencies of least squares model. The ARCH models (Engle, 1982;
Tsay, 2005), characterized by mean and volatility equations, are specified as

rt = µ + et, et = σtεt, σ2
t = α0 +

p∑
i=1

αie
2
t−i (2.4)

e2
t = α0 +

p∑
i=1

αie
2
t−i + εt, t = p + 1, ..., T (2.5)

whereεt denotes the error term andT is the sample size. This is called ARCH(p)
model. The next step is to check the ARCH effects by using residuals of mean equation.
We can apply the usual Ljung-Box statisticsQ(p) to the{e2

t } series (McLeod and Li,
1983) or apply the white’s test of significance ofαi = 0(i = 1, ..., p) by F-statistic
under the null hypothesisHo : α1 = ... = αp = 0.

This F-statistic is distributed asχ2 distribution.

If ARCH effects are found significant we can use the PACF ofe2
t to determine the

ARCH order. After specifying the volatility model we perform the joint estimation of
the mean and volatility models. Lastly we evaluate the fitted model and further refine

it. The standardized residuals,ẽt = et

σt

can be seen to check the adequacy of a fitted

ARCH model. We can evaluate the QQ plots ofẽt andẽt
2 to check validity of mean and

variance equations respectively. After finding the parameters of the model, prediction
can be done.

2.3. The GARCH Model

Bollerslev proposed a useful extension known as the generalized ARCH (GARCH)
model. Theet follows a GARCH(p, q) model (Bollerslev, 1986; Tsay, 2005) if

et = σtεt, σ2
t = α0 +

p∑
i=1

αie
2
t−i +

q∑
j=1

βjσ
2
t−j (2.6)

In addition to ARCH conditions, we also haveβj ≥ 0, and
max(p,q)∑

i=1

(αi+βi) < 1. The

constraint onαi + βi implies that the unconditional variance ofet is finite, whereas its
conditional varianceσ2

t evolves over time. Theαi andβj are ARCH and GARCH param-
eters, respectively. Similar to ARCH models, GARCH models also observe volatility
clustering, leverage effect and heavier tails. Specifying the order of a GARCH model is
not easy and only lower order GARCH models are used in most applications.
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2.4. The Integrated GARCH (IGARCH) Model

IGARCH models are unit-root GARCH models. An IGARCH(p,q) model can be written
as

et = σtεt, σ2
t = α0 +

p∑
i=1

αie
2
t−i +

q∑
j=1

βjσ
2
t−j (2.7)

where additional constraints are
p∑

i=1

αi +
q∑

j=1

βj = 1 and 1> βj > 0.

2.5. The GARCH-M Model

Often the return of a security may depend on its volatility. In these cases, we use
GARCH-M or GARCH in mean model. A GARCH(p,q)-M model can be specified as

rt = µ + kσ2
t + et, et = σtεt

σ2
t = α0 +

p∑
i=1

αie
2
t−i +

q∑
j=1

βjσ
2
t−j (2.8)

The constant parameterk is called the risk premium parameter.

2.6. The Exponential GARCH (EGARCH) Model

An EGARCH model is specified as

et = σtεt, ln(σ2
t ) = α0 +

p∑
i=1

αi

et−i

σt−i

+
q∑

j=1

λjln(σ2
t−j)

+
p∑

i=1

γi

( |et−i|
σt−i

−
√

2

π

)
(2.9)

Foret ∼ N(0, σ2
t ) the standardized variable

et

σt

follows a standard normal distribution

and consequentlyE(
|et|
σt

) =
√

2

π
. The parametersαi capture the leverage effect. For

good news (
et−i

σt−i

> 0) the impact of innovationet−i is (αi + γi)
et−i

σt−i

and for bad news

(
et−i

σt−i

< 0) it is (−αi+γi)
et−i

σt−i

. If αi becomes 0,ln(σ2
t ) responds symmetrically to

et−i

σt−i

.

To produce a leverage effectαi must be negative. The fact that the EGARCH process is
specified in terms of log-volatility implies thatσ2

t is always positive and, consequently,
there are no restrictions on the sign of the model parameters.
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2.7. The Threshold GARCH (TGARCH) Model / GJR Model

A TGARCH(p, q) model as proposed by (Glosten et al., 1993) can also handle leverage
affects model by assuming the following form

σ2
t = α0 +

p∑
i=1

αie
2
t−i +

q∑
j=1

βjσ
2
t−j +

p∑
i=1

γiνt−ie
2
t−i (2.10)

where

νt−i =
{

1, if et−i < 0
0, if et−i ≥ 0

(2.11)

andαi, γi, andβj are non-negative parameters satisfying conditions similar to those of
GARCH models. It can be seen that a positiveet−i contributesαie

2
t−i to σ2

t , whereas a
negativeet−i has a larger impact(αi + γi)e

2
t−i with γi > 0.

3. Experiment

3.1. NIFTY log retruns

NIFTY daily Price is taken from 13-01-2005 to 24-02-2009 and various GARCH mod-
els are fitted to the NIFTY log returns. For mean equation ARMA(5,0) fitted well
with AR(1) and AR(5) coefficients coming as significant. The joint estimation of mean
and variance equations using ’R’ software are shown below for various GARCH models.

ARMA(5,0)-GARCH(1,1) :

A joint estimation of the ARMA(5,0)-GARCH(1,1) model gives

rt = 0.001657+ 0.072625rt−1 − 0.065953rt−5 + at (3.12)

σ2
t = 0.0000078020+ 0.154575a2t−1 + 0.828903σ2t−1 (3.13)

The standard errors for parameters of mean equation are 0.00040556 and 0.032015
and that of variance equation are 0.023422, 0.026699 and 0.026833. The unconditional
variance ofat is 0.0000078020/(1 − 0.828903− 0.154575)= 0.0004722189. Thus,
the model appears to be adequate in describing the linear dependence in the return and
volatility series. Note that the fitted model showsα̂1 + β̂1 = 0.983478, which is close
to 1. This phenomenon is commonly observed in practice and it leads to imposing the
constraintα1 + β1 = 1 in a GARCH(1,1) model, resulting in an integrated GARCH (or
IGARCH) model.

Finally, to forecast the volatility of monthly excess returns of the NIFTY index, we
can use the volatility equation in Eq. 3.13. For instance, at the forecast originh, we
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haveσ2
h = 0.0000078020+ 0.154575a2h−1 + 0.828903σ2h−1. The 1-step ahead forecast

is then

σ2
h(1) = 0.0000078020+ 0.154575a2h−1 + 0.828903σ2h−1
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Figure 2: Sample ACF and PACF of NIFTY returns and squared returns from 13-01-
2005 to 24-02-2009:(a) ACF of the NIFTY Returns, (b) ACF of the NIFTY Squared
Returns, (c) PACF of the NIFTY Returns, and (d) PACF of the NIFTY Squared Returns.

whereah is the residual of the mean equation at timeh andσh is obtained from the
volatility equation. The starting valueσ2

0 is fixed at either zero or the unconditional
variance ofat. For multistep ahead forecasts, we use the recursive formula in Eq.??.

Similarly other models like ARMA(5,0)-IGARCH(1,1) , ARMA(5,0)-GARCH(1,1)-
M , ARMA(5,0)-EGARCH(1,1) , ARMA(5,0)-GJR(1,1)are estimated and the results are
summarized as follows.

ARMA(5,0)-IGARCH(1,1) :

ARMA(5,0)-IGARCH(1,1) model for NIFTY log returns is estimated as
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Figure 3: ARMA(5,0)-GARCH(1,1) Fitted model for NIFTY Returns
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Figure 4: Actual and Fitted data for NIFTY Returns
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Figure 5: Normal probability plot of standardized residuals for NIFTY Returns

rt = 0.001662+ 0.073268rt−1 − 0.068377rt−5

+ at, at = σtεt (3.14)

σ2
t = 0.0000063944+ 0.170303a2t−1 + 0.829897σ2t−1 (3.15)

Whenα1 + β1 = 1, repeated substitutions in Eq. 3.15 give

σ2
h(l) = σ2

h(1)+ (l − 1)α0, l ≥ 1 (3.16)

whereh is the forecast origin. Consequently, the effect ofσ2
h(1) on future volatilities

is also persistent, and the volatility forecasts form a straight line with slopea0.

ARMA(5,0)-GARCH(1,1)-M :

ARMA(5,0)-GARCH(1,1)-M model for NIFTY log returns is estimated as

rt = 0.001919− 1.346277σ2t + 0.071507rt−1

− 0.071077rt−5 + at, at = σtεt (3.17)

σ2
t = 0.0000063492+ 0.169517a2t−1 + 0.830483σ2t−1 (3.18)

ARMA(5,0)-EGARCH(1,1) :

ARMA(5,0)-EGARCH(1,1) model for NIFTY log returns is estimated as

rt = 0.001989+ 0.114157rt−1 − 0.111512rt−5 + at, at = σtεt (3.19)

ln(σ2
t ) = g(εt−1

1 − 0.996247B
) (3.20)
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g(εt−1) = −0.093519εt−1 + 0.506378[|εt−1| − √
2/π] (3.21)

α1 did not come out as significant in this model.

ARMA(5,0)-GJR(1,1) :

ARMA(5,0)-GJR(1,1) model for NIFTY log returns is estimated as

rt = 0.001049+ 0.084167rt−1 − 0.069870rt−5

+ at, at = σtεt (3.22)

σ2
t = 0.0000126219+ (0.024966+ 0.276061 Nt−1)

a2
t−1 + 0.797842σ2

t−1 (3.23)

3.2. Exchange rate Series forcasting

3.2.1. Time Series

Five exchange rate time series used are daily observations of:British Pound vs US-
Dollar (BPUSD) from 28/12/1993 to 28/12/2008, German Mark vs US-Dollar (DE-
MUSD) from 28/12/1993 to 28/12/2006, Japanese Yen vs US-Dollar (JPYUSD) from
28/12/1993 to 28/12/2008, Indian Rupees vs US-Dollar (IRUSD) from 28/12/1993
to 28/12/2008 and Euro vs US-Dollar (EURUSD) from 15/11/1998 to 28/12/2008

3.3. Transformation

To eliminate trend and seasonality the time series are transformed by first differences of
logarithms. After this operation, the time series elementsrt represent the logarithm of
the financial return of holding a unit of the currency for one period:

rt = log(pt) − log(pt−1) = log(
pt

pt−1
) (3.24)

The time seriesrt
N
t=1 are split into two sets, the training set and the test set:the training

set contains roughly 95% of the observations, i.e.,t = (1, ..., t0), t0 = mod(0.95N)and
the test set contains roughly 5% of the observations, i.e.,t = (t0 + 1, ..., N) The table 1
shows the information about the time series and size of subsets used.

3.4. Performance Measures

The forecasts are made on the test sett = (t0+1, ..., N). Thek = N−(t0+1+lag) fore-
casts are compared with the true realizations. Following performance measures are used.
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Time
Series

From To t0 N

BPUSD 28/12/1993 28/12/2008 5206 5480
DEMUSD 28/12/1993 28/12/2006 4512 4749
JPYUSD 28/12/1993 28/12/2008 5206 5480
INRUSD 28/12/1993 28/12/2008 5206 5480
EURUSD 15/11/1998 28/12/2008 3484 3667

Table 1: Time series and sample size

Normalized mean squared error (NMSE)

NMSE = 1

k

N∑
t=tf

(rt − r̂t)
2

σ̂2
(3.25)

whereσ̂2 is the variance of the training set (in sample unconditional volatility)

Mean absolute error (MAE)

MAE = 1

k

N∑
t=tf

| rt − r̂t | (3.26)

NMSE and MAE are the metrics used to estimate the error of prediction.

Function (SIGN)

SIGN = 1

k

N∑
t=tf

δt (3.27)

where

δt =
{

1, if rt+1r̂t+1 ≥ 0
0, if otherwise

(3.28)

To evaluate whether the result of the network can be used as a trading strategy, the
fraction of predictions with same sign as the true realizations is calculated by the metric
SIGN.

3.5. Results and Discussion

GARCH(1,1) models have been constructed for each of the five series and models
obtained are as follows

USD/GBP Series

rt = −0.000065+ at; at = σtεt; σ2
t = 0.001795

+ 0.952942a2
t−1 + 0.036520σ2

t−1 (3.29)
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Model NMSE MAE.102 SIGN

GARCH(1,1) 1.00011 0.27177 0.63689
GARCH(1,1)-M 0.86999 0.26832 0.67199
EGARCH(1,1) 0.89286 0.32988 0.68674

TGARCH/GJR(1,1) 0.87995 0.26164 0.68790
IGARCH(1,1) 0.80463 0.27175 0.65564

Table 2: Comparative analysis of USD/GBP Series

Model NMSE MAE.102 SIGN

GARCH(1,1) 0.83113 0.46988 0.49777
GARCH(1,1)-M 0.88089 0.44983 0.48563
EGARCH(1,1) 0.74093 0.36979 0.52728

TGARCH/GJR(1,1) 0.76097 0.38988 0.50787
IGARCH(1,1) 0.80471 0.41044 0.49768

Table 3: Comparative analysis of USD/DM Series

Model NMSE MAE.102 SIGN

GARCH(1,1) 0.89899 0.36216 0.52421
GARCH(1,1)-M 0.84957 0.36010 0.52319
EGARCH(1,1) 0.79654 0.32844 0.56324

TGARCH/GJR(1,1) 0.80971 0.32207 0.55919
IGARCH(1,1) 0.82374 0.36236 0.53760

Table 4: Comparative analysis of USD/JPY Series

Model NMSE MAE.102 SIGN

GARCH(1,1) 1.87319 0.30284 0.57721
GARCH(1,1)-M 1.83982 0.30519 0.55010
EGARCH(1,1) 1.69866 0.28722 0.61625

TGARCH/GJR(1,1) 1.64332 0.27517 0.62360
IGARCH(1,1) 1.68163 0.29829 0.59089

Table 5: Comparative analysis of USD/INR Series

Model NMSE MAE.102 SIGN

GARCH(1,1) 0.99998 0.34930 0.48804
GARCH(1,1)-M 0.93987 0.34918 0.49592
EGARCH(1,1) 0.89833 0.30927 0.53994

TGARCH/GJR(1,1) 0.89986 0.31414 0.52785
IGARCH(1,1) 0.92064 0.34999 0.46256

Table 6: Comparative analysis of USD/EUR Series
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USD/DM Series

rt = −0.000043+ at; at = σtεt; σ2
t = 0.000888

+ 0.975946a2t−1 + 0.020566σ2t−1 (3.30)

USD/JPY Series

rt = 0.000045+ at; at = σtεt; σ2
t = 0.002829

+ 0.949508a2t−1 + 0.041940σ2
t−1 (3.31)

USD/INR Series

rt = 0.000029+ at; at = σtεt; σ2
t = 0.000000

+ 0.829711a2t−1 + 0.169468σ2t−1 (3.32)

USD/EUR Series

rt = −0.000124+ at; at = σtεt; σ2
t = 0.000545

+ 0.979012a2
t−1 + 0.019795σ2t−1 (3.33)

Comparison of various models (GARCH , GARCH-M , EGARCH,TGARCH/GJR
and IGARCH) for all the five exchange rates are shows in following tables (Tables 2,
3, 4, 5 and 6)

For USD/GBP Series NMSE is favorable for IGARCH(1,1) and other two parameters
MAE and SIGN are favorable for TGARCH(1,1). For USD/DM Series all three param-
eters NMSE, MAE and SIGN are favorable for IGARCH(1,1). For USD/JPY Series
NMSE and SIGN parameters are favorable for EGARCH(1,1) and MAE parameter is
favorable for TGARCH(1,1). For USD/INR Series all three parameters NMSE, MAE
and SIGN are favorable for TGARCH(1,1). For USD/EUR Series all three parameters
NMSE, MAE and SIGN are favorable for IGARCH(1,1).

Conclusion

The phenomenons of volatility clustering, autocorrelation, heteroscedasticity are ob-
served in Nifty log returns series as well as exchange rate series. Conditional het-
eroscedastic models can be effectively used to predict mean and volatility of NIFTY
daily returns as well as exchange rates. In modeling and forecasting exchange rates,
the performance ofIGARCH and TGARCH was better than other conditional het-
eroscedastic models.
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