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Abstract

Linear programming is a very important class of
problems, both algorithmically and combinatori-
ally.Following are some of the problems in computer
Science ,relevant to DRDO, where Linear Programming
can be effectively used to find optimum solutions.

1. Pattern Classification

2. Image Contrast Enhancement

3. Learning Algorithm for Neural Network

4. Image Reconstruction

Pattern Classification is being extensively used for au-
tomatic speech recognition, classification of text into
several categories (e.g. spam/non-spam email mes-
sages), the automatic recognition of handwritten words,
or the automatic recognition of images of human faces
.Image Contrast Enhancement and Image Reconstruc-
tion are being used for extracting knowledge from satel-
lite images of the battlefield or other terrains.Neural
Networks are being used in time series prediction and
modeling, Classification, pattern recognition (radar
systems, face identification, object recognition and
more), sequence recognition (gesture, speech, handwrit-
ten text recognition), medical diagnosis, data mining
(or knowledge discovery in databases, ”KDD”), visu-
alization and e-mail spam filtering.I shall describe de-
tailed problem formulations of two of these problems
. Keywords: Linear Programming ,Pattern Classifi-
cation , Image Enhancement ,Neural Network , Image
Reconstruction

Pattern Classi�cation Via Linear Programming

Given two disjoint point sets H and M in the n-
dimensional real space Rn, we wish to construct a dis-
criminant function f , from Rn into the real line R, such
that f(H) > 0 and f(M) ≤ 0.

Existing Methods used

Various existing methods like Simulated Anneal-
ing , Neural Networks , Genetic algorithms and
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Figure 1: Linearly separable and inseparable sets

other classification methods of supervised as well as
unsupervised learning are being used.

Proposed Method:Linear Programming For-
mulation

Let H = H1,H2, ..., Hh and M = M1, ..., Mm be
two sets of disjoint points in Rn.
Let a ∈ Rn, b ∈ R. The vector a and scalar b specify a
hyperplane: x ∈ Rn : aT x = b

If all of H’s points are on one side of
x ∈ Rn : aT x = b , and all of M’s points are on
the other, we say that x ∈ Rn : aT x = b is a separating
hyperplane for H and M.

Specifically, H and M are linearly separable if and
only if H is a subset of x ∈ Rn : aT x > b and M is a
subset of x ∈ Rn : aT x ≤ b. Otherwise H and M are
linearly inseparable.

Problem 1: Determine whether H and M are
linearly separable.
Problem 2: If H and M are linearly separable, find
a separating hyperplane for H and M.

Claim 1: The following linear program solves
problem 1 and 2(1; 2; 3).
Given H and M, find y ∈ Rh, z ∈ Rm,a ∈ Rn, b ∈ R
that minimizes

1
h

[y1 + y2 + ... + yh] +
1
m

[z1 + z2 + ... + zm] (1)

subject to



yi ≥ −aT Hi + b + 1 for i = 1, ..., h (2)
zj ≥ aT M j − b + 1 for j = 1, ...,m (3)

yi ≥ 0 for i = 1, ..., h (4)
zj ≥ 0 for j = 1, ...,m (5)

Theorem 1: H and M are linearly separable if and
only if the optimal value is zero

Theorem 2: If H and M are linearly separa-
ble and (y∗, z∗,a∗, b∗) is an optimal solution , then
x ∈ Rn : a∗

T

x = b∗ is a separating hyperplane for H
and M

Proposition 1: where H and M are linearly insep-
arable.
x ∈ Rn : a∗

T

x = b∗ is a hyperplane that minimizes
”misclassification” of the points of H and M

Example 1 (linearly separable): H =
[(0, 0), (1, 0)],M = [(0, 2), (1, 2)] thus h = m = 2 (a
simple 2D problem)

minimize

1
2
[y1 + y2] +

1
2
[z1 + z2] (6)

subject to

[
y1 y2

] ≥ − [
a1 a2

] [
0 1
0 0

]
+ b + 1 (7)

[
z1 z2

] ≥ [
a1 a2

] [
0 1
2 2

]
− b + 1 (8)

OR

y1 ≥ b + 1 (9)
y2 ≥ −a1 + b + 1 (10)
z1 ≥ 2a2 − b + 1 (11)

z2 ≥ a1 + 2a2 − b + 1 (12)
y1, y2, z1, z2 ≥ 0 (13)

This is a linear programming problem of 7 variables
and 8 constraints.There are many optimal solutions for
this problem.
One of the optimal solution is: y1 = y2 = z1 = z2 =
0, aT =

[
1 −2

]
, b = −1

Valid optimal value = 0 (linearly separable)[
1 −2

]
x = −1 is the separating hyperplane (ie.:

y = (1/2)x + (1/2))
Example 2 (linearly inseparable): H =

[(0, 0), (1, 2)],M = [(0, 2), (1, 0)] thus h = m = 2 (a
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simple 2D problem)
minimize

1
2
[y1 + y2] +

1
2
[z1 + z2] (14)

subject to

[
y1 y2

] ≥ − [
a1 a2

] [
0 1
0 2

]
+ b + 1 (15)

[
z1 z2

] ≥ [
a1 a2

] [
0 1
2 0

]
− b + 1 (16)

OR

y1 ≥ b + 1 (17)
y2 ≥ b + 1− a1 − 2a2 (18)

z1 ≥ 2a2 − b + 1 (19)
z2 ≥ a1 − b + 1 (20)
y1, y2, z1, z2 ≥ 0 (21)

An optimal solution: y1 = 4, y2 = 0, z1 = z2 =



0, aT =
[

2 1
]
, b = 3

Valid optimal value = 2 (linearly inseparable)[
2 1

]
x = 3 is the proposed hyperplane

Image Contrast Enhancement

Contrast is the difference in brightness between two
adjacent pixels. Our problem is to compute a
monotonically-increasing brightness curve that maxi-
mizes contrast for a particular monochrome image. The
total contrast of the image will be a linear function of
255 values: the brightness steps between 0 and 1, be-
tween 1 and 2, etc. (for an 8-bit image) Each nonnega-
tive brightness step is multiplied by the number of pixel
boundaries whose contrast it contributes to form this
contrast function.

So we have contrast function as ΣNi,i+1.BSi,i+1

where N represents the number of pixel boundaries in-
cluding that step (e.g. N1,2 is the number of boundaries
between pixels with values less than or equal to 1 and
pixels with values greater than or equal to 2.) and BS
represents the brightness step between those two values,
e.g. the difference between the brightness of 1 and the
brightness of 2. For a particular magnitude of the BS
vector, the maximum value of this dot product would
be achieved by making the BS vector be in the same di-
rection as the N vector, i.e. be the N vector multiplied
by some scalar.

But the BS vector is not constrained to be a certain
magnitude; instead, it is constrained to have all its
components total to 255 (or less, but that’s obviously
useless). So it’s constrained to roam around a 254-
dimensional hyperplane. We want to find the point on
this 254-dimensional hyperplane with the maximum
dot product with the N vector.

Existing Methods used: Histogram Equalization
Method

Proposed Method:Linear Programming Formu-
lation

Maximize ΣNi,i+1.BSi,i+1

Constraints:

BSi,i+1 ≥ 0 ∀i = 0, ..254 (22)
ΣNi,i+1.1 ≤ 255 (23)

This is a standard linear programming problem — we
have a linear objective function we want to maximize
(N dot BS) and a space of possible solutions restricted
by linear constraints. (In this case, the constraints are
that none of the BS values can be negative and that

their dot product with (1, 1, 1, 1, 1, ...) (i.e. their sum)
must be less than or equal to 255.)

The point in the possible solution space that max-
imizes the objective function must be at one of the
corners — or else all along one face of the space. We
have 256 corners: the origin and the points (255, 0, 0,
0, . . .), (0, 255, 0, 0, . . .), (0, 0, 255, 0, . . .), etc.
The origin is not the answer; obviously the solution is
to find the single brightness step that appears in the
most places and set its brightness step to 255!

Example :We want an objective function that values
mapping the 3 x 1 image 1 2 3 into 4 5 7 as better than
mapping it into 4 7 7 or 4 4 7.

For the 3 x 1 case above, N is 0 1 1 plus a lot of zeros.
The BS vectors for the three sample output images are
4 1 1, 4 2 0, and 4 0 2, again with lots of zeros at the
end.

One thing to do is to multiply N and BS element-
by-element, getting 0 1 1, 0 2 0, and 0 0 2. We want to
value the first of these more highly than the others.

How about taking the square roots of the elements
of these vectors and summing the results? That seems
relatively simple, giving us 2, 1.4, and 1.4 for these
vectors.

One way of solving problems like this (in two dimen-
sions and visually) is to draw a contour map of your ob-
jective function — i.e. lines that connect points equally
good — and then find the highest-valued contour that
passes through the space defined by your feasibility con-
straints.

If all transitions are equally common — that is, N is
(1, 1, 1, . . .), the objective function is simply the sum
of the square roots of the brightness steps.

The contours of this function approach closest to the
origin along the line where all coordinates are equal,
and they are simply concave away from the origin.
They eventually meet the axes rather far out.

Conclusion

Linear programming provides an alternative to exist-
ing methods which are being currently used to solve
the problems mentioned in this text. From an al-
gorithmic point-of-view, the simplex was proposed in
the forties (soon after the war, and was motivated by
military applications) and, although it has performed
very well in practice, is known to run in exponential
time in the worst-case. On the other hand, since the
early seventies when the classes P and NP were de-
fined, it was observed that linear programming is in
NP

⋂
co-NP although no polynomial-time algorithm

was known at that time. The first polynomial-time
algorithm, the ellipsoid algorithm(5), was only discov-
ered at the end of the seventies. Karmarkar’s(4) algo-



rithm in the mid-eighties lead to very active research in
the area of interior-point methods for linear program-
ming.Since problems are becoming increasingly com-
plex, most of the organizations are moving towards
interior-point methods and now a days software codes
are available for these kind of solutions.On the other
hand simplex is being provided with lot of code opti-
mizations to run faster.I think at some point of time
pivot based methods and interior point based methods
will merge to give a coherent solution.
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