
ILP Problem Formulation
Ajay Kr. Dhamija∗(N-1/MBA PT 2006-09)

Abstract

Integer linear programming is a very important class
of problems, both algorithmically and combinatori-
ally.Following are some of the problems in computer
Science ,relevant to DRDO, where integer linear Pro-
gramming can be effectively used to find optimum so-
lutions.

1. Pattern Classification

2. Multi Class Data Classification

3. Image Contrast Enhancement

Pattern Classification is being extensively used for
automatic speech recognition, classification of text
into several categories (e.g. spam/non-spam email
messages), the automatic recognition of handwritten
words, or the automatic recognition of images of
human faces .I present here ,a minimum sphere cov-
ering approach to pattern classification that seeks to
construct a minimum number of spheres to represent
the training data and formulate it as an integer
programming problem. Using soft threshold functions,
we can further derive a linear programming problem
whose solution gives rise to radial basis function
(RBF) classifiers and sigmoid function classifiers. In
contrast to traditional RBF and sigmoid function
networks, in which the number of units is speci-
fied a priori, this method provides a new way to
construct RBF and sigmoid function networks that
explicitly minimizes the number of base units in the
resulting classifiers. This approach is advantageous
compared to SVMs with Gaussian kernels in that
it provides a natural construction of kernel matrices
and it directly minimizes the number of basis functions.

Traditional approaches for data classification ,
that are based on partitioning the data sets into two
groups, perform poorly for multi-class data classifica-
tion problems. The proposed approach is based on
the use of hyper-boxes for defining boundaries of the
classes that include all or some of the points in that
set. A mixed-integer programming model is developed
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for representing existence of hyper-boxes and their
boundaries. In addition, the relationships among
the discrete decisions in the model are represented
using propositional logic and then converted to their
equivalent integer constraints using Boolean algebra.

Image Contrast Enhancement and Image Recon-
struction are being used for extracting knowledge from
satellite images of the battlefield or other terrains.This
method has already been described in LP problem
formulation in I semester assignment.
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1 Pattern Classification Via Integer linear Program-

ming

Given the space in which objects to be classified are
represented, a classifier partitions the space into dis-
joint regions and associates them with different classes.
If the underlying distribution is known, an optimal
partition of the space can be obtained according to
the Bayes decision rule. In practice, however, the
underlying distribution is rarely known, and a learning
algorithm has to generate a partition that is close to
the optimal partition from the training data. The RCE
network (1) is a learning algorithm that constructs a
set of regions, e.g., spheres, to represent each pattern
class. It is easy to see that, with only a few spheres,
there is a great chance that the training error will be
high. With an excessively large number of spheres,
however, the training error can be reduced, but at
the expense of overfitting the data and degrading the
performance on future data. Similar problems also
exist in the radial basis function (RBF) networks and
multi-layer sigmoid function networks. Therefore, a
good learning algorithm has to strike a delicate balance
between the training error and the complexity of the
model.



1.1 Existing Methods Used

Various existing methods like Simulated Annealing ,
Neural Networks , Genetic algorithms and other classi-
fication methods of supervised as well as unsupervised
learning are being used.

1.2 Proposed Method : ILP Problem Formulation

Given a set of training examples, the minimum sphere
covering approach seeks to construct a minimum num-
ber of spheres (3) to cover the training examples cor-
rectly.Let us denote the set of training examples by
D = {(x1, y1), ..., (xn, yn)} where xi ∈ Rd and yi ∈
{−1, 1}. For notational simplicity, we only consider the
binary classification problem. The task is to find a set
of class-specific spheres S = S1, ..., Sm such that

xi ∈
⋃

y(Sj)=yi

Sj and xi /∈
⋃

y(Sj)6=yi

Sj , ∀i = 1, ..., n

(1)
where each sphere Si is characterized by its center

c(Si), its radius r(Si) and its class y(Si). An exam-
ple xi is covered by a sphere Sj , i.e., xi ∈ Sj , if
d(xi, c(Sj)) ≤ r(Sj).

A set of spheres S that satisfies the conditions in Eqn.
(1) is called a consistent sphere cover of the data D. A
sphere cover is minimal if there exists no other consis-
tent sphere cover with a smaller number of spheres. We
restrict ourselves to constructing a consistent sphere
cover with spheres that are centered on training ex-
amples, although in general spheres do not have to be
centered on the training examples. In order to mini-
mize the number of spheres in the sphere cover S, each
sphere in S should cover as many training examples as
possible without covering a training example belonging
to a different class. For a sphere centered on xi, this
can be done by setting the radius to

ri = min
j:yj 6=yi

d(xi, xj)− ε (2)

where ε > 0 is a small real-valued constant. There-
fore, for each training example xi in D, we have a sphere
Si with

c(Si) = xi, r(Si) = ri, and y(Si) = yi (3)

The goal is then to select a subset of {Si, i = 1, ..., n}
with a minimum size such that it forms a consistent
sphere covering.

1.3 Minimum sphere covering by integer program-
ming

The above minimum sphere covering problem is NP-
complete (2), meaning that it is hard to find the exact
solution.

Given a training dataset D, the set of spheres {Si, i =
1, ..., n} is naturally defined. Subsequently, we can de-
fine the following covering matrix:

Kij =
{

1, if d(xi, xj) ≤ rj

0, otherwise
(4)

That is, Kij ≡ K(xi, xj) = H(rj − d(xi, xj)), where
d(xi, xj) is the distance between xi and xj , rj is the
radius of the sphere Sj that is centered on xj , and H
is the Heaviside step function. Therefore, an entry Kij

is 1 only if the sphere centered on xj covers xi. With
the covering matrix K defined, we can formulate the
minimum sphere covering problem as follows:

min
n∑

i=1

ai

subject to

n∑

j=1

Kijaj ≥ 1, i = 1, ..., n (5)

ai ∈ {1, 0}, i = 1, ..., n

where ai is a binary-valued integer indicating
whether or not the sphere Si is included in the sphere
cover S. The sum

∑n
i=1 ai is the number of spheres

in the sphere cover S.
∑n

j=1 Kijaj is the number of
spheres that cover the training example xi. Therefore,
the objective function minimizes the number of spheres
included in the sphere cover S subject to the constraints
that every training example is covered by at least one
sphere belonging to the right class.
For some problems, it might not be the best solution
to require that every training example be covered by a
sphere. To allow for some errors in the training data,
we can relax the constraints (5) and reformulate the
integer program as:

min Z =
n∑

i=1

ai + C

n∑

i=1

ξi (6)

subject to

n∑

j=1

Kijaj ≥ 1− ξi, i = 1, ..., n (7)



ai ∈ {1, 0} and ξi ∈ {1, 0}, i = 1, ..., n

where ξi are the slack variables that are used to re-
lax the constraints in Eqn. (5) and C > 0 is a constant
that controls the trade-off between the training error
and the number of spheres.
The integer program can be solved using a linear
programming-based branch-and-bound algorithm. The
resulting classification function is:

f(x) = sgn(
n∑

i=1

K(xi, xj)yjaj) (8)

In the above integer programming formulation of the
minimum sphere covering problem, the covering matrix
K is binary by definition. As a consequence, the result-
ing decision boundary is piece-wise spherical, and there-
fore maybe non-smooth at some points, e.g., at junc-
tions of spheres. To obtain smoother decision bound-
aries, we can replace the Heaviside step function in the
covering matrix definition with a soft threshold func-
tion.With the soft versions of the covering matrix K,
it is also possible to relax the constraints that require
ai and ξi to be integers and resulting problem becomes
an LP problem.

2 A Mixed-Integer Programming Approach to Multi-

Class Data Classification Problem

The objective in data classification is to assign data
points that are described by several attributes into a
predefined number of classes.Figure 1(a) shows the
schematic representation of classification of multi-
dimensional data using hyper-planes. Although the
methods that are based on using hyper-planes to define
the boundaries of classes can be efficient in classifying
data into two sets, they are inaccurate and inefficient
when data needs to be classified into more than two
sets as shown in the Fig. 1.a. On the other hand,
the use of hyper-boxes for defining boundaries of the
sets that include all or some of the points in that
set as shown in figure 1(b) can be very accurate on
multi-class problems.

It may be necessary to use more than one hyper-
box in order to represent a single class as shown in
figure 1(b). When the classes that are indicated by
square and circle data points are both represented by
single hyper-box respectively, the boundaries of these
hyper-boxes overlap. If a region of the attribute space
is assigned to more than one classes, it is possible that
a new data point is classified into more than a single
class. In order to eliminate this possibility, more than

(a) using hyper-planes (b) using hyper-boxes

Figure 1: Schematic representation of classification of
data

one hyper-box must be used to include all of the data
points that belong to a class into the same class. A
very important consideration in using hyper-boxes is
the number of boxes used to define a class. If the
total number of hyper-boxes is equal to the number of
classes (i.e., exactly one hyper-box classifies all data
points of the same class), then the data classification is
very efficient. On the other hand; if there are as many
hyper-boxes of a class as the number of data points
in a class (i.e., each data point of a particular class is
represented by a separate hyper-box), then the data
classification is inefficient.

2.1 Existing Methods Used

Same as described in the earlier problem.

2.2 Proposed Method : ILP Problem Formulation for
Multi-Class Data Classification

The data classification problem is considered in two
parts (4) : training and testing. The objective of the
training part is to determine the characteristics of the
data points that belong to a certain class and differen-
tiate them from the data points that belong to other
classes. After the distinguishing characteristics of the
classes are determined, then the effectiveness of the
classification must be tested.

2.2.1 Training Problem Formulation for Multi-Class
Data Classification

The following indices are used to model the training
problem of the data classification using hyper-boxes:

i samples(i = Sample1, Sample2, , SampleI)
k class types (k = Class1, Class2, , ClassK)
l hyper-boxes for class (l = 1, .., L)
m attributes (m = 1, ..,M)
n bounds (n = lo, up)



The data points are represented by using the param-
eter aim that denotes the value of attribute m for the
sample i. The class k that the data point i belong to
are given by the set Dik. Given these parameters and
the sets, the following Boolean variables are sufficient to
model the data classification problem with hyper-boxes
as depicted in figure 1(b):

Y Bl whether the box l is used or not
Y PBil whether the data point i is in box l

or not
Y BClk whether box l represent class k or not
Y PCik whether the data point i is assigned to

class k or not
Y PBNilmn Data point i is within bound n wrt

attribute m of box l or not
Y PBMilm Data point i is within bounds of attribute

m of box l or not
Y P1ik type 1 Boolean variable to indicate

misclassification data points
Y P2ik type 2 Boolean variable to indicate

misclassification data points

The relationships among these Boolean variables can
be represented using the following propositional logic

∨

l

Y PBil ∀i (9)

∨

k

Y PCik ∀i (10)

∨

l

Y PBil ⇐⇒
∨

k

Y PCik ∀i (11)

Y Bl =⇒
∨

k

Y BClk ∀l (12)

Y BClk =⇒
∨

i

Y PBil ∀lk (13)

Y BClk =⇒
∨

i

Y PCik ∀lk (14)

∧
n

Y PBNilmn =⇒ Y PBMilm ∀ilm (15)

∧
m

Y PBMilm =⇒ Y PCik ∀ilk (16)

Y PCik =⇒ Y P1ik ∀ik /∈ Dik (17)

¬ Y PCik =⇒ Y P2ik ∀ik ∈ Dik (18)

The Eqs. (9) and (10) states that every data point
must be assigned to a single hyperbox and a single class
respectively. The equivalence between Eqs. (9) and
(10) is given in Eq. (11). The existence of a hyper-box
implies the assignment of that hyper-box to a class as
shown in Eq. (13). If a hyper-box represents a class,

there must be a data point within that class as given
in Eq. (14). The Eq. (15) represents the condition of
a data point being within the bounds of a box in at-
tribute m. If a data point is within the bounds of all
attributes of a box, then it must be in the box as shown
in Eq. (16). When a data point is assigned to a class
that it is not a member of, type 1 penalty applies as
indicated in Eq. (17). When a data point is not as-
signed to a class that it is a member of, type 2 penalty
applies as given in Eq. (18). In mathematical program-
ming applications, there is one-to one correspondence
between a Boolean variable and a binary variable .The
correspondence between propositional logic expressions
and their equivalent algebraic representations are given
in Table 1.

Logical
Relation

Boolean
Expression

Algebraic
Constraint

∨(OR) Y1 ∨ Y2 ∨ ... ∨ Yn Y1+Y2+...Yn ≥ 1

∧(AND) Y1 ∧ Y2 ∧ ... ∧ Yn Y1 ≥ 1, Y2 ≥
1, ...Yn ≥ 1

∨(XOR) Y1∨Y2∨...∨Yn Y1+Y2+...Yn = 1

Y1 =⇒ Y2 ¬Y1 ∨ Y2 1− Y1 + Y2 ≥ 1

Y1 ⇐⇒ Y2 (¬Y1 ∨ Y2) ∧
(Y1 ∨ ¬Y2)

Y1 − Y2 = 0

Table 1: The correspondence between propositional
logic and algebraic inequalities

The algebraic equivalents of the propositional logic
expressions in Eqs. (9)-(18) are given as follows:

∑

l

ypbil = 1 ∀i (19)

∑

k

ypcik = 1 ∀i (20)

∑

l

ypbil =
∑

k

ypcik ∀i (21)

ybl ≤
∑

k

ybclk ∀l (22)

ybclk −
∑

i

ypbil ≤ 0 ∀lk (23)

ybclk −
∑

i

ypcik ≤ 0 ∀lk (24)

∑
n

ypbnilmn − ypbmilm ≤ N − 1 ∀ilm (25)

∑
m

ypbmilm − ypcik ≤ M − 1 ∀ilk (26)

ypcik − yp1ik ≤ 0 ∀ilk /∈ Dik (27)

ypcik + yp2ik ≥ 1 ∀ilk ∈ Dik (28)



In order to define the boundaries of hyper-boxes, the
following continuous variables are defined:

Xlmn models bounds n for box l on attribute m
XDlkmn models bounds n for box l of class k

on attribute m

The following mixed-integer programming problem
models data classification problem with hyper-boxes:

min Z =
∑

i

∑

k

(yp1ik + yp2ik) + c
∑

l

ybl (29)

subject to

XDlkmn ≤ aimypbil ∀iklmn|n = lo (30)

XDlkmn ≥ aimypbil ∀iklmn|n = up (31)

XDlkmn ≤ M ybclk ∀klmn (32)
∑

k

XDlkmn = Xlmn ∀lmn (33)

ypbnilmn ≥ (1/M)(Xlmn − aim) ∀ilmn|n = up (34)

ypbnilmn ≥ (1/M)(aim −Xlmn) ∀ilmn|n = lo (35)

Eqs. (19) to (28) (36)

Xlmn, XDlkmn ≥ 0 (37)

ybl, ybclk, ypbil, ypcik, ypbnilmn, yp1ik, yp2ik ∈ {0, 1}
(38)

The objective function of the mixed-integer program-
ming problem is to minimize the misclassifications in
the data set with the minimum number of hyper-boxes.
In order to eliminate unnecessary use of hyper-boxes,
the unnecessary existence of a box is penalized with a
small scalar c in the objective function. The lower and
upper bounds of the boxes are given in Eqs. (30) and
(31) respectively. The lower and upper bounds for the
hyper-boxes are determined by the data points that are
enclosed within the hyper-box. Eq. (32) enforces the
bounds of boxes exist if and only if this box is assigned
to a class. Eq. (33) is used to relate the two continuous
variables that represent the bounds of the hyper-boxes.
The position of a data point with respect to the bounds
on attribute m for a hyper-box is given in Eqs. (34)
and (35). The binary variable ypbnilmn helps to iden-
tify whether the data point i is within the hyper-box
l. Two constraints, one for the lower bound and one
for the upper bound, are needed for this purpose (Eqs.
(34) and (35)).Since these constraints establish a rela-
tions between continuous and binary variables, a large
parameter, M , is included in them. The model includes
all of the algebraic constraints on binary variables that
are constructed from propositional logic. Finally, last

constraint gives non-negativity and integrality of deci-
sion variables.

2.2.2 Testing Problem for Multi-Class Data Classifica-
tion

If a new data point whose membership to a class is not
known arrives, it is necessary to assign this data point
to one of the classes. There are two possibilities for a
new data point when determining its class:

1. the new data point is within the boundaries of a
hyper- box

2. the new data point is not enclosed in any of the
hyper-boxes found in the training problem

When the first possibility is realized for the new data
point, the classification is made by directly assigning
this data to the class that was represented by the hyper-
box enclosing the data point. In the case when the sec-
ond possibility applies, the assignment of the new data
point to a class requires some analysis; it is necessary
to determine the closest hyper-box to the new data. If
the data point is within the lower and upper bounds
of all but one of the attributes (i.e., m′) defining the
box, then the shortest distance between the new point
and the hyper-box is calculated using the minimum dis-
tance between hyper-planes defining the hyper-box and
the new data point. The number of hyper-planes that
must be evaluated for determining the minimum dis-
tance between the new data point and the hyper-box is
given by 2(M − 1) where M is the total number of at-
tributes. The minimum distance between the new data
point j and the hyper-box is calculated using Eq. (39)
considering the fact that the minimum distance is given
by the normal of the hyper-plane.

min
l,m′,n





∣∣∣∣∣∣





 ∑

m 6=m′
ajm


 + Xlm′n


 /

√
M − 1

∣∣∣∣∣∣



 (39)

If the data point is not within the lower and upper
bounds of than one attributes defining the box, then
the shortest distance between the new point and the
hyper-box is calculated using the minimum distance
between extreme points of the hyper-box and the new
data point. The number of extreme points in a hyper-
box is given by 2M . Therefore, it is necessary to per-
form 2ML (L: total number of hyper-boxes) distance
calculations for each new data point and select the min-
imum distance. The minimum distance between the
new data point j and one of the extreme points of the
hyper-box is calculated using Eq. (40).



min
l,n





√∑
m

(ajm −Xlmn)2



 (40)

The following algorithm assign a new data point j
with attribute values ajm to class k:

1. Initialize inAtt(l,m) = 0.

2. For each l and m, if

Xlmn ≤ ajm ≤ Xlmn′∀n = lo, n′ = up (41)

Set inAtt(l,m) = inAtt(l, m) + 1.

3. If inAtt(l, m) = N , then go to step (4). Otherwise,
continue.
If inAtt(l, m).N − 1, then go to step (5).

4. Assign the new data point to class k where ybclk

is equal to 1 for the hyper-box in step (3). Stop.

5. Calculate the minimum given by Eq. (39) and set
the minimum as min1(l). Calculate the minimum
given by Eq. (40) and set the minimum as min2(l).
Select the minimum between min1(l) and min2(l)
to determine the hyper-box l that is closest to the
new data point j. Assign the new data point to
class k where ybclk is equal to 1 for the hyper-box
l. Stop.

2.2.3 Illustrative example

We applied the mixed-integer programming method on
a set of 16 data points in 4 different classes given in
Fig. 2(a). The data points can be represented by two
attributes, 1 and 2.

There are a total of 20 data points; 16 of these points
were used in training and 4 of them used in testing. The
training problem classified the data into 4 classes using
5 hyper-boxes as shown in Fig. 2(b). It is interesting
to note that Class1 requires two hyperboxes while the
other classes are represented with a single hyper-box
only. The reason for having two hyper-boxes for Class1
is due to the fact that a single hyper-box for this class
would include one of the data points that belong to
Class3. In order to eliminate inconsistencies in training
data set, the method included one more box for Class1.

After the training is successfully completed, the test
data is processed to assign them to hyper-boxes that
classify the data perfectly. The assignment of the
test data point to Class2 is straightforward since it is
included in the hyper-box that classifies Class2 (i.e.,
inAtt(l, m) = N for this data point). The test data in
Class1 is assigned to one of the hyper-boxes that clas-
sify Class1. Similarly, the test data in Class3 is also

Class 1

Class 2

Class 3

Class 4

(a) Data points

Class 1

Class 3

Class 2

Class 4

(b) Hyper-boxes that
classify he data points

Figure 2: An illustrative example

assigned to the hyper-box that classifies Class3. Since
the test data in these classes are included within the
bounds of one of the two attributes, the minimum dis-
tance is calculated as the normal to the closest hyper-
plane to these data points. In the case of data point
that belongs to Class4, it is assigned to its correct class
since the closest extreme point of a hyper-box classifies
Class4. This extreme point of the hyper-box 5 clas-
sifying Class4 is given by (X5,1,lo, X5,2,lo). The test
problem also classified the data points with 100% ac-
curacy.

Final Comments

Integer linear programming provides an alternative to
existing methods which are being currently used to
solve the problems mentioned in this text. ILP algo-
rithms(Branch and bound etc) fall into NP-complete
class of algorithms.With growing emphasis on interior-
point methods and optimizations for simplex these
problems can be solved in polynomial time.
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